The mean and variance of the acoustic field forward propagated through a stratified ocean waveguide containing three-dimensional ͑3-D͒ random internal waves is modeled using an analytic normal mode formulation. The formulation accounts for the accumulated effects of multiple forward scattering. These lead to redistribution of both coherent and incoherent modal energies, including attenuation and dispersion. The inhomogeneous medium's scatter function density is modeled using the Rayleigh-Born approximation to Green's theorem to account for random fluctuations in both density and compressibility caused by internal waves. The generalized waveguide extinction theorem is applied to determine attenuation due to scattering from internal wave inhomogeneities. Simulations for typical continental-shelf environments show that when internal wave height exceeds the acoustic wavelength, the acoustic field becomes so randomized that the expected total intensity is dominated by the field variance beyond moderate ranges. This leads to an effectively saturated field that decays monotonically and no longer exhibits the periodic range-dependent modal interference structure present in nonrandom waveguides. Three-dimensional scattering effects can become important when the Fresnel width approaches and exceeds the cross-range coherence length of the internal wave field. Density fluctuations caused by internal waves are found to noticably affect acoustic transmission in certain Arctic environments.
I. INTRODUCTION
When an acoustic field propagates through a multimodal waveguide, random variations in medium properties can have a cumulative effect over range. This can drastically alter the delicate modal interference structure of the incident field, leading to significant randomization in the received field. Here, we model the mean, variance, and total intensity of the forward field propagated through an ocean waveguide containing temporally and spatially random 3-D internal waves using a general modal formulation described in Ref.
1. This formulation is convenient because it takes into account the accumulated effects of multiple forward scattering on the mean and covariance of the forward propagated field. These include coherent, partially coherent, and incoherent interactions with the incident field, which lead to attenuation, dispersion, and exponential coefficients of field variance that describe mode coupling induced by the medium's inhomogeneities. An advantage of the formulation is that the first and second moments of the forward field can be analytically expressed in terms of the first and second moments of the inhomogeneous medium's spatially varying scatter function density. These inhomogeneities can be arbitrarily large relative to the acoustic wavelength and have arbitrary compressibility and density contrast from the surrounding medium.
Inhomogeneities arising from internal wave disturbances typically have relatively small differences in density and compressibility from the surrounding medium. A convenient approach for modeling their scattering properties is to apply the first-order Rayleigh-Born approximation to Green's theorem.
2 Internal wave scattering properties are then expressed in terms of the statistical variations in compressibility and density caused by the disturbance. This requires knowledge of the probability distributions of the compressibility and density variations, which can be expressed in terms of internal-wave wave number spectra. The first-order Rayleigh-Born approximation leads to a purely real scatter function that can directly account for scattering-induced dispersion in the mean forward field, but not attenuation, which requires the imaginary part. Attenuation in the mean forward field due to scattering is then determined from the waveguide extinction theorem. 3, 4 The waveguide extinction theorem for any given mode relates power loss in the forward azimuth to the total scattered power in all directions, which can be estimated with high accuracy using the first-order RayleighBorn approximation. Following the trend of ever-increasing ocean utilization has come a greater interest in developing models to help understand and accurately predict the effect of internal wave fields on underwater acoustic transmission through continental shelf environments. Significant fluctuations have been observed [5] [6] [7] and predicted 8, 9 in signal transmission. These fluctuations lead to signal-dependent noise 8 that can significantly degrade sonar system performance. Since internal waves in continental shelf environments often have large displacements compared to the acoustic wavelength and large slopes, standard perturbation theory methods for modeling the effect of rough surface scattering [10] [11] [12] [13] on acoustic transmission through an ocean waveguide may often be unsuitable. If the accumulated effects of multiple forward scattering on dispersion and field variance are important in acoustic propagation through extended internal wave fields, approaches that neglect them [10] [11] [12] [13] may be inappropriate, as noted in Ref. 14. It is possible that acoustic transmission through such complicated environments may be seriously altered by three-dimensional ͑3-D͒ scattering effects beyond relatively short ranges. Two-dimensional models, 6, 13, [15] [16] [17] 2-D Monte-Carlo simulations, 18 and adiabatic 3-D models 19 may then also become unreliable. The present formulation is advantageous because the mean and variance of the acoustic field multiply forward scattered through a 3-D random waveguide can be rapidly obtained from the compact analytic expressions of Ref. 1, given the mean and spatial covariance of the internal wave displacement field, without restriction on internal wave amplitude or slope. It can be readily applied to solve a variety of underwater remote sensing and communication problems in continental shelf environments. This includes the detection and localization of sources 20, 21 and targets by passive and active sonar, as well as the estimation of biological, 22, 23 geological, 24 and oceanographic parameters 25 by seismoacoustic inverse methods.
We show that the accumulated effect of multiple forward scattering through random internal wave fields typically must be included to properly model the statistical moments of the acoustic field forward propagated through continental shelf environments. We also show that 3-D multiple scattering effects can become important in both the mean and variance of the forward field. This is because, as the source-receiver range increases, the Fresnel width of the forward field eventually exceeds the cross-range coherence length of the internal waves, making out-of-plane scattering important when internal wave amplitudes exceed the acoustic wavelength and slopes become higher. Out-of-plane scattering cannot be accounted for in 2-D models. We illustrate this effect by comparing the present 3-D model with a current standard approach, which is to compute field moments by MonteCarlo simulations with the 2-D parabolic equation.
We show that the acoustic field moments are highly dependent on both the rms displacements and coherence scales of the 3-D internal waves. In a waveguide where the rms internal wave height is small compared to the acoustic wavelength, the forward field remains coherent and exhibits the range and depth-dependent structure expected from the coherent interference between waveguide modes. The moderate dispersion and attenuation induced by multiple forward scatter through the internal wave disturbances still noticeably alters the mean field. Scattering in such a slightly random waveguide may not be strong enough to make 3-D effects noticable.
When the rms internal wave height becomes larger than the acoustic wavelength, 3-D scattering effects become significant. The field variance or incoherent intensity is found to dominate the total intensity of the forward field beyond moderate propagation ranges. This causes the acoustic field to become fully saturated. In this case, the coherent modal interference structure in range and depth is lost, and the intensity of the forward field then decays monotonically. This makes standard processing techniques that rely upon model coherence, such as matched field processing and the waveguide-invariant method 26 for source range and depth localization, far less effective.
The effects on acoustic transmission of random density fluctations in the medium due to internal waves are also quantified. We show that internal-wave-induced density effects can significantly affect acoustic propagation in specific environments, such as Arctic seas.
II. FORMULATION IN A TWO-LAYER WATER COLUMN
Internal waves in mid-latitude continental shelf environments often occur at the interface between warm water near the sea surface and cooler water below. 7, 27, 28 In high latitude, the reverse is usually true where the cooler less dense water above comes from recently melted ice. Here, we model the internal wave field as disturbances propagating along the boundary between strata in a two-layer water-column, as illustrated in Fig. 1 . Although many other internal wave models and parametrizations could have been used to implement the general formulation of Ref. 1, the two-layer model is chosen here because it clearly illustrates the fundamental physics of internal waves in a continental shelf environment. This has made it probably the most frequently used model in the literature. [29] [30] [31] We focus on the baroclinic mode of the internal wave, which has negligible displacement at the sea surface. 30 In the absence of internal waves, the boundary separating the upper medium with density d 1 and sound speed c 1 from the lower medium with density d 2 and sound speed c 2 is at a constant depth. In the presence of internal waves, a part of the lower medium protrudes into the upper medium and a part of the upper medium protrudes into the lower medium. We model protrusion of the lower medium into the upper medium as a volumetric inhomogeneity that scatters the sound field by Green's theorem, and vice versa for the lower medium.
To formulate the problem, we place the origin of the coordinate system at the sea surface. The z axis points downward and normal to the interface between horizontal strata. The water depth is H and the boundary separating the upper and lower medium is at depth z = D. Let coordinates of the source be defined by r 0 = ͑0,0,z 0 ͒, and receiver coordinates by r = ͑x ,0,z͒. Spatial cylindrical ͑ , , z͒ and spherical systems ͑r , , ͒ are defined by x = r sin cos , y = r sin sin , z = r cos , and = x 2 + y 2 . The horizontal and vertical wave number components for the nth mode are, respectively, n = k sin ␣ n and ␥ n = k cos ␣ n , where ␣ n is the elevation angle of the mode measured from the z axis. Here, 0 ഛ ␣ n ഛ / 2 so that the down-and upgoing plane wave components of each mode will then have elevation angles ␣ n and − ␣ n , respectively. The corresponding vertical wave number of the down-and upgoing components of the nth mode are ␥ n and −␥ n , respectively, where R͕␥ n ͖ ജ 0. The wave number magnitude k equals the angular frequency divided by the sound speed c in the object layer so that k 2 = n 2 + ␥ n 2 . The azimuth angle of the modal plane wave is denoted by ␤, where 0 ഛ ␤ ഛ 2. The geometry of spatial and wave number coordinates is shown in Ref. 32 .
A. Statistical description of internal waves

Joint spatial probability density of internal wave displacement
The displacement h͑ t ͒ of the internal wave boundary at horizontal location t , as illustrated in Fig. 1 , can be modeled as a Gaussian random process in space and time with mean ͗h͘, and variance h 2 = ͗h 2 ͘ − ͗h͘ 2 . Since the baroclinic internal wave displacement cannot penetrate the water surface or the sea bottom, we limit unphysical tails of the probability density function by windowing h. The probability density function of the internal wave displacement is,
where
ization constant, and P͑b͒ is the cumulative distribution function,
Linear internal wave displacements are expected to follow a zero-mean circular complex Gaussian random process by the central limit theorem, given that they arise from the superposition of many statistically independent sources in space and time. The same model can also be used to describe nonlinear solitary internal waves in some cases when they are incompletely evolved 33 or broadly distributed in peak amplitude. 34 For nonlinear internal wave fields, nonzero mean displacements and much larger standard deviations are expected.
The joint probability density function of the internal wave displacement at horizontal locations t and t Ј can be expressed as
where is the correlation coefficient defined as
Linear internal wave field as a stationary random process
For random internal wave fields that follow a stationary random process in space, the internal wave displacement correlation function and standard deviation h can be expressed in terms of the internal wave spectrum G͑͒. For instance, the correlation function is
where = ͑ x , y ͒ = ͑ cos ⌰ , sin ⌰͒ is the internal-wave wave number vector with magnitude and azimuthal di-rection ⌰. The internal wave height standard deviation h is defined by
when ͗h͘ = 0, as is the case for linear internal waves. The internal wave disturbance has a horizontal coherence area given by
where = t − t Ј= cos ⌰x + sin ⌰y, outside of which internal wave displacements can be assumed to be uncorrelated. 1 The corresponding coherence length scale of the internal wave disturbance l c ͑⌰͒ in any azimuthal direction ⌰ is then given by
Here l c ͑⌰͒ defines a coherence shape function for the internal wave disturbance that is determined as its wave number spectrum spans the 2 azimuthal radians of ⌰. The full coherence lengths l x and l y of the internal wave disturbance in the x and y directions are then, respectively,
and
For an isotropic internal wave field, Eq. ͑5͒ reduces to
͑11͒
since its wave number spectrum G͑͒ is independent of the azimuth angle ⌰.
B. Scatter function of an internal wave inhomogeneity
To determine the plane wave scatter function of a coherence volume of internal wave inhomogeneity, we apply Green's theorem,
where ⌫ is the fractional change in compressibility and ⌫ d is the fractional change in density of the inhomogeneity centered at r t relative to the original medium, G͑r ͉ r t ͒ is the free space Green's function, and ⌽͑r t ͉ r 0 ͒ is the total acoustic field in the volume of inhomogeneity. To integrate Eq. ͑12͒ analytically, we need to know the total field within the volume of the inhomogeneity. But this is the sum of the known incident and unknown scattered field in the volume. In the first-order Rayleigh-Born approximation, the total field inside the inhomogeneity is approximated by the incident field. This is a good approximation when the scattered field within the inhomogeneity is small compared to the incident field as it typically is when the fractional compressibility and density changes are small, as they are in the present scenario. Green's theorem evaluated using the first-order RayleighBorn approximation then provides a first-order estimate of the scattered field from an inhomogeneity. From this we can obtain a first-order estimate of the inhomogeneity's plane wave scatter function. We first derive the plane wave scatter function for a coherent volume of internal wave inhomogeneity centered at horizontal location s , where t = s + u t . For an incoming plane wave in the direction k i = ͑k , ␣ i , ␤ i ͒ = ͑ i , ␥ i ͒ and scattered plane wave in the direction k = ͑k , ␣ , ␤͒ = ͑ , ␥͒, the first-order scatter function of an internal wave inhomogeneity is
by application of Green's theorem, Eq. ͑12͒, where
is the cosine of the angle between the incident and scattered plane wave directions. The fractional changes in compressibility and density depend on the displacement of the inhomogeneities at r t and are given by
where U is the unit step function. The areal scatter function density
Mean and correlation function of the scatter function density of internal wave inhomogeneities
The scatter function density s s ,z t ͑␣ , ␤ , ␣ i , ␤ i ͒ of Eq. ͑18͒ is a random variable since it depends on the internal wave displacement h͑ t ͒. The mean of the scatter function density is
For two inhomogeneities centered at ͑ s , z t ͒ and ͑ s Ј, z t Ј͒, respectively, the correlation of their scatter function densities is
following the notation of Ref. 1, Appendix A. The joint probability function p(h͑ t ͒ , h͑ t Ј ͒) requires the internal wave spectrum to be specified, as can be seen from Eqs. ͑3͒-͑5͒.
Isotropic internal waves
We must calculate the mean and spatial covariance of the scatter function density s s ,z t ͑␣ , ␤ , ␣ i , ␤ i ͒ to determine the forward field moments. This requires the internal wave spectrum defined in Eq. ͑5͒ to be specified. Following Refs. 18 and 6, we assume the internal waves follow the isotropic Garret-Munk spectrum,
for the relatively high wave numbers of interest in our analysis, where E 0 is the average energy density that determines the strength of the internal wave fluctuation, c is the Coriolis frequency, which is roughly 1.16ϫ 10 −5 Hz at 30°l attitude, and c g Ϸ 0.4 m / s is the phase speed of the internal waves in the two-layer ocean, given by c g 2 = g͓͑ 2 − 1 ͒ / 2 ͔͓D͑H − D͒ / H͔, where g is the gravitational acceleration. The corresponding coherence radius l c ͑ t ͒ = l c is then independent of azimuth.
In this paper, we focus our analysis on internal wave fluctuations that occur within a measurement time scale T. Within this time, only internal wave disturbances that occur with frequencies that are larger than f min =1/T or equivalently have wave numbers larger than min =2f min / c g =2 / c g T can cause temporal fluctuation in the acoustic field. From Eq. ͑22͒, Eq. ͑8͒ and Eq. ͑7͒, the coherence radius is then l c = ͱ 2/ min , the x and y coherence lengths are l x = l y =2 ͱ 2/ min , and the coherence area is A c = l c 2 =2 / min 2 .
As 
C. Statistical moments of the forward propagated field
The mean field, variance, and expected total intensity of the forward field propagated through the ocean waveguide containing random internal waves can be expressed analytically using the formulation of Ref. 1. We assume that the internal wave inhomogeneities obey a stationary random process in range. For a source at r 0 = ͑0,0,z 0 ͒ and a receiver at r = ͑x ,0,z͒, the mean forward field is given by Eq. ͑83͒ of Ref. 1 as
is the incident field contribution from mode n, given no inhomogeneities in the medium, u n ͑z͒ is the modal amplitude at depth z, and n is the horizontal wave number change due to multiple scattering from the inhomogeneities. The modal horizontal wave number change is complex, and it leads to both dispersion and attenuation in the mean forward field.
The real part R͕ n ͖ is the modal dispersion coefficient and the imaginary part I͕ n ͖ is the modal attenuation coefficient. For the present case, where the random inhomogeneities are due to internal waves,
from Eq. ͑60͒ of Ref. 1, where
As discussed in Sec. II B, substituting Eq. ͑18͒ into Eq. ͑25͒ leads to a modal horizontal wave number change that is purely real. This accounts for the dispersion, but not the attenuation in the mean forward field due to scattering. The modal attenuation coefficients I͕ m ͖ will be derived in Sec. II D from the waveguide extinction theorem. 3 From Eq. ͑25͒, we see that the modal dispersion coefficients depend on the expected scatter function density in the forward azimuth. This is independent of the cross-range extent of the internal wave inhomogeneities, so the dispersion coefficients are also range independent.
The
where n is defined in Ref. 1 as the exponential coefficient of modal field variance. The variance of the forward field depends on the first-and second-order moments of the scatter function density of the random medium. An analytic expression for n for general surface and volume inhomogeneities is provided in Ref. The mean forward field of Eq. ͑23͒ is also called the coherent field, the magnitude square of which is proportional to the coherent intensity. The variance of the forward field in Eq. ͑27͒ provides a measure of the incoherent intensity. The total intensity of the forward field is the sum of the coherent and incoherent intensities. The coherent field tends to dominate at short ranges from the source and in slightly random media, while the incoherent field tends to dominate in highly random media. It should be noted that in a nonrandom waveguide n = 0 so that the variance of the forward field is zero, from Eq. ͑27͒. This is expected since the field is fully coherent in this case.
D. Modal attenuation from generalized waveguide extinction theorem
Attenuation or extinction of the forward field arises from scattering by inhomogeneities and intrinsic absorption in the medium. As mentioned in Secs. I and II C, the purely real scatter function of Eq. ͑13͒ can only account for dispersion due to scattering. In order to include attenuation in the mean forward field, we apply the waveguide extinction theorem. 3, 4 The modal extinction cross section of an object, for incident mode n, is the ratio of the extinction E n or power loss caused by the object to the incident intensity I i,n , 3,4
where i x is the propagation direction. The notation x =0 means that the medium's intrinsic absorption is set to zero during the calculation, as described in Ref. 3 , to properly determine the extinction cross section of a given scatterer. In a waveguide with random internal wave inhomogeneities, the modal attenuation coefficient I͕ n ͖ can be be expressed in terms of the modal extinction cross section 3 n ͑x =0͉ h͒ of the inhomogeneities as 
is dependent on the range location s of the inhomogeneity within the Fresnel width from source to receiver, where A F is defined in Sec. II B 2. For nonabsorbing objects, the extinction E m caused by the object is equal to the total scattered power W s,n . By placing the object within a closed control surface, we can calculate W s,n as the total scattered power flux through the surface. A general analytic expression for the total scattered power flux from an object centered at depth z h within a closed cylindrical control surface with a radius of x and height spanning the entire waveguide depth for incident mode n is provided by Eq. ͑16͒ of Ref. 3 . We assume that the internal wave elements remove power from the incident field by scattering only so that intrinsic absorption losses from the inhomogeneities are negligible. This is a valid assumption since the internal wave inhomogeneities do not lead to absorption other than that already present in the medium. For a characteristic internal wave inhomogeneity given height h, the total scattered power flux is
2 d␤ ͮ .
͑33͒
The x component of incident intensity from mode n on this inhomogeneity is 
from Eq. ͑19͒ of Ref. 3 . Following Eq. ͑30͒, the modal extinction cross section of the internal wave inhomogeneity is found from dividing Eq. ͑33͒ by Eq. ͑34͒ and setting x =0,
The attenuation coefficient of mode n due to scattering in the random waveguide can then be found to be
by substituting Eq. ͑35͒ into Eq. ͑31͒.
III. COMPUTING 2-D SPATIAL REALIZATIONS OF A RANDOM INTERNAL WAVE FIELD
To compare statistical moments of the forward field from the 3-D analytical formulation with Monte-Carlo simu- FIG. 5 . Intensities of the ͑a͒ mean or coherent field, ͑b͒ variance or incoherent field, and ͑c͒ the total field at 415 Hz as functions of range and depth in the mid-latitude Atlantic continental shelf waveguide of Fig. 1 when there is a random internal wave field present in the waveguide. The internal wave disturbances have a height standard deviation of h = 1 m and coherence lengths of l x = l y = 100 m. The source is at 50 m depth with source level 0 dB re 1 Pa at 1 m. This medium is only slightly random and the total intensity in ͑c͒ is dominated by the coherent intensity out to 50 km range and exhibits range-and depth-dependent variations due to coherent interference between waveguide modes, similar to the static waveguide example in Fig. 4 . Figure 5͑d͒ shows the acoustic intensity as a function of range at a single receiver depth of 50 m for the fields shown in ͑a͒-͑c͒. For a comparison, the acoustic intensity of the static waveguide is also plotted.
lations based on the 2-D parabolic equation, we must compute spatial realizations of the internal wave height h͑x t ͒. We assume that the Gaussian random internal wave field h͑x t ͒ is a stationary random process that follows the correlation function shown in Fig. 2͑b͒ . The Fourier transform of internal wave height h͑x t ͒ over a finite spatial window is then
where H͑͒ is a zero-mean Gaussian random process due to its linear dependence on h͑x t ͒. According to Parseval's theorem,
while, from Eq. ͑6͒, h 2 = C hh ͑0͒, so that ͉͗H͉͑͒ 2 ͘ Ϸ LG͑͒ /2. As L becomes arbitrarily large, the deltafunction correlation is achieved across the wave number domain,
indicating that components of H͑͒ with wave number separations exceeding 2 / L are uncorrelated. So, a random realization of the internal wave height h͑x t ͒ can be computed as the inverse Fourier transform of H͑͒ under the assumption that the H͑͒ are zero mean Gaussian random variables that are uncorrelated when sampled at wave number intervals of at least 2 / L and have variance LG͑͒ /2.
IV. ILLUSTRATIVE EXAMPLES
Here we provide examples illustrating the dependence of acoustic field moments on internal wave parameters. We Fig. 5 , but for a waveguide with an internal wave height standard deviation of h = 4 m. This medium is highly random and the total intensity in ͑c͒ is dominated by the variance or incoherent intensity beyond the 11 km range. The total acoustic intensity decays monotonically as a function of range at sufficiently long ranges since the field is now completely incoherent and the waveguide loses the coherent range-and depth-dependent variations due to modal interference.
FIG. 7.
Contributions of the waveguide modes to the depth-integrated total intensity of the forward field at ͑a͒ the source location, ͑b͒ 1 km, ͑c͒ 10 km, and ͑d͒ 50 km ranges from the source for a source strength of 0 dB re 1 Pa at 1 m. All values are absolute except those in ͑a͒, which are normalized by the maximum modal contribution. study random and isotropic internal waves in typical continental shelf environments. In Sec. IV A, we investigate the effect of rms internal wave height and coherence length on acoustic transmission in a typical mid-latitude Atlantic continental shelf waveguide. In Sec. IV B, the coherent, incoherent, and total intensities of the forward acoustic field are compared when density fluctuations due to internal waves are first included and then neglected. We also compare our 3-D analytical model with 2-D Monte-Carlo simulations of the forward propagated acoustic field in Sec. IV C.
We examine the effect of internal waves on acoustic transmission over a measurement time period of approximately 10 min in our simulations. Over this time period, internal wave disturbances with wave numbers larger than min = 0.028 rad/ m will undergo spatial-temporal variation. The normalized power spectrum of the internal wave field is shown in Fig. 2͑a͒ and the correlation function in Fig. 2͑b͒ . The corresponding coherence length of the isotropic internal waves is l x = l y = 100 m from Fig. 2 and Eqs. ͑8͒, ͑9͒, and ͑10͒. The maximum Fresnel width ͱ / 2 then exceeds the cross-range coherence length for source-receiver separations larger than 11 km, as shown in Fig. 3 . These are the ranges where 3-D scattering effects can become pronounced when internal wave displacements exceed the acoustic wavelength.
A. Mid-latitude Atlantic continental shelf environment
Here, a water column of H = 100 m depth is used to simulate the geometry of a typical continental shelf environment, as shown in Fig. 1 We consider two scenarios. In the first scenario, the internal wave disturbances have a height standard deviation of h = 1 m that is smaller than the acoustic wavelength of = 3.6 m. For the ranges considered, we find the acoustic field to be slightly random. The internal wave spectrum has an amplitude of approximately 2 m 2 / cph at min for this example. In the second scenario, the internal wave disturbances have a height standard deviation of h = 4 m, which is slightly larger than the acoustic wavelength. We find that the acoustic field becomes highly random within a few kilometers of the source. The internal wave spectrum has an amplitude of approximately 30 m 2 / cph at min in this case. The internal wave correlation length and height standard deviations modeled here are typical of those measured on the Strataform area of the New Jersey continental shelf. For instance, they would correspond to the disturbances shown as Segment C of Fig. 24 in Ref. 7 .
The acoustic field intensity is plotted as a function of range and depth in Fig. 4 for the shallow water waveguide of Fig. 1 when there are no internal waves present in the medium. The waveguide is static and undisturbed by inhomogeneities in this case. The forward acoustic field is then fully coherent, since the variance in the forward field is zero everywhere in the medium. The acoustic intensity exhibits a range-and depth-dependent structure arising from coherent interference between the waveguide modes. Figure 5 shows the coherent, incoherent, and expected total intensity for the slightly random waveguide. In this case, the incoherent intensity is small compared to the coherent intensity even at long ranges up to 50 km. The total field still maintains the range-and depth-dependent structure due to modal interference, but shows the effect of some moderate dispersion and attenuation. The situation changes, however, in the highly random waveguide, as shown in Fig. 6 . The coherent intensity decays rapidly as a function of range from the source due to severe attenuation arising from internal wave scattering. The incoherent component dominates the expected total intensity beyond the 11 km range, where 3-D scattering begins to take effect. The expected total intensity eventually decays monotonically with range and no longer exhibits a significant coherent modal interference structure in range and depth beyond roughly 30 km in range.
The relative contributions of the waveguide modes to the depth-integrated total intensity of the forward field at the source location and at 1, 10, and 50 km range from the source are shown in Fig. 7 . There it can be seen that the highly random waveguide redistributes modal energies far more than the nonrandom waveguide and also has much less energy across the modal spectrum.
We next investigate the dependence of the forward field moments on the coherence lengths of the internal wave disturbances by letting them decrease to l x = l y = 50 m. Figures  8͑a͒ and 8͑b͒ show the coherent, incoherent, and total acoustic intensities for internal wave height standard deviations of h = 1 m and h = 4 m, respectively. Comparing the coherent field in Figs. 8͑a͒ and 8͑b͒ with Figs. 5͑d͒ and 6͑d͒, we find that attenuation due to scattering increases with increasing coherence length, especially in the highly random waveguide. This can be explained by noting that in Eq. ͑36͒ the attenuation coefficient is linearly related to the coherence area since the second moment of scatter function density is effectively independent of coherence area in the forward azimuth. The larger attenuation from multiple scattering leads to lower coherent intensity. The level of incoherent intensity, on the other hand, increases with increasing coherence area in the highly random waveguide. This is expected, since in the limiting case where the cross-range coherence length exceeds the Fresnel width, incoherent intensity arises from a more multiplicative process of transmission through single scatter shells decorrelated solely in range as in a 2-D multiple scattering scenario. 37, 38 
B. Effect of internal wave density fluctuations on acoustic transmission in an Arctic environment
Internal waves cause not only sound speed, but also density fluctuations in the water column that can sometimes affect acoustic transmission statistics. Density effects are expected to be pronounced in deep estuaries such as Norwegian Fjords, where "fresh river water tends to move seaward above the heavier salt water 29 " before sufficient tidal motions occur to cause mixing, 29 and in the Arctic seas, where cold fresh water near the melting temperature of ice flows above warm and salty seawater. 36 Here we give an example of acoustic propagation though a 3-D linear internal wave field in an Arctic sea with 100 m water depth, as illustrated in Fig. 1 . The interface between the cold fresh water above with density d 1 = 1022 kg/ m 3 and sound speed c 1 = 1433 m / s and the warm salty water below with density d 2 = 1028 kg/ m 3 and sound speed c 2 = 1443 m / s is also assumed to be at 30 m depth from the sea surface. 36 In Fig. 9 , we determine the effect of internal wave density fluctuations on the forward acoustic field by including and then neglecting them in our calculations. Significant differences occur between these two cases for both the coherent and incoherent field components. Attenuation due to scattering is reduced when density fluctuations are included. This is because scattering from density and compressibility inhomogeneities are exactly out of phase in the forward direction, as can be seen by substituting sound speeds and densities for the two layers of the water column into ⌫ and ⌫ d in Eq. ͑18͒. Internal wave density fluctuations should then not be neglected in estimating acoustic transmission statistics in certain environments.
C. Comparison of 3-D analytic model with 2-D MonteCarlo simulations
Comparisons of the coherent, incoherent, and total acoustic field intensity determined by our 3-D analytic model and 2-D Monte-Carlo simulations using the parabolic equation for a slightly random waveguide with h = 1 m are illustrated in Figs. 10͑a͒, 10͑b͒ , and 10͑c͒. The coherent, incoherent, and total intensities calculated with the 3-D and 2-D approaches match very well out to the 50 km ranges shown. Both the 3-D and 2-D simulations agree on the moderate dispersion, attenuation, and low variance or incoherent intensity found at the longer ranges shown. This is a consequence of the weak scattering found for rms internal wave displacements, small compared to the acoustic wavelength. The situation changes, however, in a highly random waveguide, where rms internal wave displacements exceed the acoustic wavelength, with h = 4 m. As shown in Figs. 11͑a͒, 11͑b͒, and 11͑c͒, the coherent and incoherent fields determined by the two approaches show a reasonable match within 11 km, where the cross-range coherence is larger than the Fresnel width. This is the range within which the 2-D simulations are expected to be valid. The expected values of depth-integrated total intensity for our 3-D model and 2-D Monte-Carlo simulations are compared in Fig. 12 . They decay with range as a result of spreading, intrinsic absorption and the accumulated effect of multiple forward scattering through internal wave inhomogeneities in the medium. In the slightly random waveguide, the curves for the 3-D and 2-D models show close agreement with each other and with the curve for the undisturbed waveguide, as expected, since scattering is weak. In the highly random waveguide, the 3-D model shows far greater power loss than the 2-D Monte-Carlo simulations. This is because the 2-D model cannot account for the out-of-plane scattering that must occur when the Fresnel width exceeds the crossrange coherence length of the internal waves.
V. CONCLUSION
Statistical moments of the acoustic field forward propagated through an ocean waveguide with random internal waves are modeled with a normal mode formulation that accounts for 3-D multiple forward scattering through medium inhomogeneities. The formulation analytically describes the accumulated effects of multiple forward scattering. These redistribute both coherent and incoherent modal energy, including attenuation and dispersion. Calculations for typical continental shelf environments show that the acoustic field becomes effectively incoherent at typical operational ranges when the rms internal wave height is on the order of the acoustic wavelength. It is found that two-dimensional models for the mean and variance of the acoustic field propagated through a 3-D random internal wave field then become inaccurate when the Fresnel width approaches and exceeds the cross-range coherence length of the internal wave field. Density fluctuations caused by internal waves may have a non-negligible effect on acoustic transmission in certain continental shelf environments, such as in Arctic seas. 
